In this paper we give a topological characterization of ω-limit sets from nonrecurrent points of flows on manifolds. This characterization is an extension of the one obtained for surfaces in [V. Jiménez López, G. Soler López, Accumulation points of nonrecurrent orbits of surface flows, Topology Appl. 137 (2004) 187-194]. However the result is not stated in the same terms.
Introduction
In what follows M will denote an m-dimensional manifold, that is a second countable, Hausdorff topological space which in each point is locally homeomorphic to R m . If moreover the manifold M admits a smooth structure compatible with its topological one we receive a smooth m-dimensional manifold. A flow on M will be a continuous map Φ : R × M → M, so that Φ(0, u) = u and Φ(t, Φ(s, u)) = Φ(t + s, u) for every u ∈ M and t, s ∈ R. For any given point u ∈ M the orbit of u is the set Φ(R × {u}) and the ω-limit set of the point u is defined by the equality ω(u) := {v ∈ M: ∃(t n ) n∈N → +∞ so that (Φ(t n , u)) n∈N → v}.
The study of flows on manifolds and surfaces is an active area of research, for example the papers [3, 5, 4, 10] deal with the study of some topics related with the asymptotical structure of flow orbits. However a complete topological structure of the accumulation points of an orbit is not yet obtained. The problem of characterizing ω-limit sets of flows has a long tradition since the statement of Poincaré-Bendixson Theorem. The reader can follow an interesting review of this theory (Poincaré-Bendixson Theory) on surfaces in [11, Chapter 2] . In this introduction we will present some more recent results about this theory and we will introduce new contributions.
Recall that a point u ∈ M (or its orbit) is said to be recurrent for the flow Φ : R × M → M when u ∈ ω(u), if moreover u is a recurrent point but it is neither a critic point ({u} = Φ(R × {u}) nor the orbit of u is a Jordan curve then u is said to be a nontrivial recurrent point.
Theorem 1 (Poincaré-Bendixson, [2] ). Let Φ : R × S 2 → S 2 be a C 1 -flow and u ∈ S 2 so that ω(u) does not contain any critic point. Then ω(u) is a closed orbit.
Poincaré and Bendixson
Theorem is a first step in the study of ω-limit sets in the sphere but the complete topological structure of these sets was obtained in 1952 by R.E. Vinograd and can be stated in the following terms.
Theorem 2 (Vinograd, [16] ). Let Φ be a continuous flow on S 2 and let u ∈ S 2 . Then ω (u) is the boundary of a simply connected region O, ∅ O S 2 . Conversely, if Ω is the boundary of a simply connected region O, ∅ O S 2 , then there are a smooth flow on S 2 and a point u ∈ S 2 such that Ω = ω(u).
Theorem 1 was extended to all compact and connected surfaces for flows of C 2 -class with some exceptions in the case of flows defined on the torus T 2 , see [12] . However the extension of Vinograd Theorem has remained open even in the case of the projective plane P 2 where D.V. Anosov remarked that is not longer true and proposed to study some alternatives to the cited theorem, see [1] .
Coming back to this problem, one can be tempted to give a global topological characterization for all the surfaces even for all the manifolds. This option is not easy since a different topology on the manifold gives a different behaviour on the orbits. Namely, for m-dimensional manifolds with m 3 and for compact and connected surfaces different from S 2 , P 2 and the Klein bottle B 2 , nontrivial recurrent points appear [7, 14, 15] . However nontrivial recurrent points do not exist for any flow defined on any of S 2 , P 2 and B 2 .
The dynamics of nonrecurrent points is easier to understand than that of nontrivial recurrent ones. As a consequence it has been first studied the problem of characterizing ω-limit sets of nonrecurrent points for any compact and connected surface S. We define the notion of regular cylinder in S as any open subset of S, with two boundary components and which is homeomorphic to O 2 \{(0, 0)}, where O 2 denotes the unit open disk centred in (0, 0). The following theorem is an extension of Vinograd Theorem for nontrivial recurrent orbits of flows defined on compact and connected surfaces.
Theorem 3 (Jiménez López-Soler López, [6, 13] 
We remark that this theorem characterizes completely the ω-limit sets for flows defined on S 2 , P 2 and B 2 . Moreover, for P 2 it was proved an analogous Vinograd Theorem changing "simply connected region" by "connected region with connected complementary" and in this terms is valid for S 2 since the simply connected open sets in the sphere are precisely those connected open sets having connected complementary, see [9] . In fact, this statement also works for the m-dimensional sphere S m . As a consequence of Main Theorem of this paper we will be able to show that Theorem 4 also applies for any differential structure considered on S m . Now it seems natural to study a topological characterization for the ω-limit sets generated by nonrecurrent orbits from flows on manifolds. Notice that a characterization in the same terms as in Theorem 4 is not longer true. For instance, let M = T 3 be the man- 
Notice that this theorem provides an alternative characterization in surfaces to that of Theorem 3. It is also remarkable that this theorem does not apply for noncompact manifolds because the set {(x, 1): The rest of this paper is divided into two sections. Section 2 is devoted to introduce some technical results concerning manifolds. In the last section we prove the main result.
Notation and technical results
We next present some technical results which will be used in the proof of Main Theorem. We divide this section into two parts, the first one is devoted to manifolds of dimension greater than 3 and the second one to surfaces.
Results on m-dimensional manifolds with m 3
We begin this part with some definitions that will be used in the sequel. 
be a finite set of parametrized m-cells in M. This collection will be identified with the union set T = r i=0 F i and will be said to be a tower with blocks F i = (F i , φ i ), provided that, for any block C, there is a nonnegative integer l(C) (called the level of C) such that the following properties hold.
We claim that this definition of tower is a simplification of that from [7] , but for our proposal will be enough. Now, a tower T will be said to be regularizable if it is a tower and additionally there is a number ε, 0 < ε < 1, such that for any block (C, θ ) of T there is a continuous (or, if M is smooth, a smooth) embedding extending θ , e(θ) :
then the following properties are satisfied.
(iii) If C and C are disjoint blocks then e(C) and e(C ) are also disjoint.
For the regularizable tower T we write e(T ) :
T k , where all T k are regularizable towers such that T 0 = {(F 0 , φ 0 )} and, for any k 1, there is a block
Here the fibres of T are the maximal arcwise connected subsets of Int T consisting of a countable union of open or closed fibres of any of the blocks which the towers T k are made of.
With the introduced notation, we are ready to present an important theorem about regularizable towers which will be essential in the proof of the main result. The reader can find its proof in [7] . 
Results on surfaces
We begin this section by introducing some necessary notation on surfaces. Let M be a compact and connected surface, a Jordan curve in M is a subset homeomorphic to the circle, that is, it is the image of a continuous map γ : [0, 1] → M so that is injective in (0, 1) and γ (0) = γ (1), sometimes we will identify γ and its image.
Jordan curves in M are classified into two different types: null homotopic and nonnull homotopic ones. The above Jordan curve γ is null homotopic if there exists a continuous map H :
Recall also that any Jordan curve is either orientable or nonorientable, depending on whether it admits arbitrarily close neighbourhoods homeomorphic to the cylinder or the Möbius band respectively.
We will denote by M g (respectively N g ) the only-up to homeomorphisms-orientable (respectively nonorientable) surface of genus g. Here "nonorientable" and "orientable" refers to the fact that the surface admits or not nonorientable Jordan curves. In the following we denote by M * and M * * the resultant surface after taking one and two points, respectively, from M.
With this notation we can state two essential lemmas in the proof of Main Theorem. The proofs of both results can be followed in [6] . ( 
ii) If γ is orientable and M\γ is connected then M\γ
), and such that 2g 1 + g 2 = g with
Proof of Main Theorem

Proof of Main Theorem, first statement
Let us begin by fixing γ = Φ(R × {u}), U = M\ω(u) and decompose U into its connected components: We finally show that
Proof of Main Theorem, second statement for m-dimensional manifolds (m 3)
For the sake of simplicity we first prove a technical lemma. 
Proof. First of all we remark that if O is an ω-boundary open set, ε > 0 and x is a point from Bd(C(Bd
The Next we are going to build a family of open sets {O n } ∞ n=1 so that:
(D) For every n ∈ N and ε so that 0 < ε < The next task of this proof is to build a countable set of points (x i ) i∈N from O so that Cl{x i } i∈N \{x i } i∈N = Bd O. To do this we use the compactness of Bd O in order to find for every n ∈ N a finite covering of it made of open sets from M,
{z n i } taking the index i in such a way that if i < j, x i = z n l and x j = z m k then n m. Finally (x i ) i∈N is the desired sequence. Now we construct, by means of Proposition 6, an infinite regularizable tower T = ∞ i=0 T i in O so that:
One of the fibres of T , ρ * , contains the sequence (x i ) i∈N . Consequently Bd O = Cl{x i } i∈N \{x i } i∈N ⊂ Cl ρ * \ρ * by properties (T3) and (T2). Moreover from (T2) it follows that Cl ρ * \ρ * ⊂ n∈N Cl O n ⊂ Bd O, then Cl ρ * \ρ * = Bd O and the proof of this lemma follows. 2
We proceed now with the proof of the second statement of Main Theorem. We divide it into two part, in the first one we will consider the continuous case. The smooth case will be proved in the second part.
The proof for the continuous case. Take the infinite regularizable tower T and the fibre ρ * given by the previous lemma. The aim is to construct a flow Φ : R × M → M so that ρ * is contained in one of the orbits of Φ and if v ∈ ρ * then ω(v) = Bd O.
Observe that if ρ is a fibre of T and u ∈ ρ then there are an open interval I u containing 0 and a bijection ρ u : I u → ρ such that:
Let us define now Ψ (t, u) := ρ u (t), obviously Ψ is defined in a subset Λ ⊂ R × M which, in general, is different from the whole R × M. However we are going to show the existence of a flow Φ :
We begin by proving that Λ is open and that Ψ is continuous. Take (t, u) ∈ Λ and assume that t > 0 (proceed analogously for the other case), then since Im ρ u ⊂ Int T and ρ u ([0, t] ) is compact there exist t
(we assume n > 1, the argument for n = 1 can be easily adapted) so that:
The next step of the proof consists of proving that if the equality Ψ (t, u) = v holds then (P1) A := {s: (s, v) ∈ Λ} = {r −t: (r, u) ∈ Λ} := B (we assume again here t > 0). Take the notation from the previous items (c) and (d) to have Ψ (t, u) = ρ u (t) = ρ u (t 1 +n−2+t * n ) = φ n (t * n , z * n ) and assume that s ∈ A, then (s, v) ∈ Λ and there exist s
(the case n = 1 or l = 1 does not involve any new difficulties) so that:
Deduce from (c ) and
then s = r − t and we obtain A ⊆ B. In a similar way it can be shown that B ⊆ A. Remark that in this paragraph we have also proved (P2) Ψ (s + t, u) = Ψ (s, Ψ (t, u)) when both members are well defined.
The map Ψ is then continuous, is defined in the open set Λ and satisfies (P1) and (P2), use now Lemma 1.5 from [7] to obtain a continuous flow Φ :
and the orientations of both curves induced by Φ and Ψ are the same. Therefore ω(v) = Bd O for any v ∈ ρ * and we have finished the proof in the continuous case and dimension m 3.
The proof for the smooth case. The above discussion also applies here and the maps e(φ i ) can be chosen smooth. Notice that by the previous reasoning we have that if (t, u) ∈ Λ there exists a neighbourhood where Ψ is defined by
Denote by π 1 : R × R m−1 → R and π 2 : R × R m−1 → R m−1 the smooth maps (here of course we refer to the smooth standard differential structure on R m−1 ) defined by π 1 (t, z) = t and π 2 
. . , n − 1, are smooth maps since they are the composition of smooth maps. Then we obtain that Ψ is smooth and we apply in this case the smooth version of Lemma 1.5 from [7] to obtain a smooth flow Φ :
and the orientations of both curves induced by Φ and Ψ are the same. Therefore ω(v) = Bd O for any v ∈ ρ * and we have finished the proof in the smooth case for m-dimensional manifolds (m 3).
Proof of Main Theorem, second statement for m-dimensional manifolds (m 2)
It only remains to prove the second statement of Main Theorem for compact and connected surfaces and 1-manifolds. Observe that any compact and connected 1-manifold is homeomorphic to the circle S 1 and there the only possible ω-limit sets of nonrecurrent points are sets with only one point. Now take into account that any point p from S 1 is the boundary of S 1 \{p} which is an ω-boundary open set. We claim that the converse is also true, that is, the boundary of any ω-boundary open set O (∅ O S 1 ) is a point. This is clear since, by connectedness, O = {e iθ : a < θ < b} for adequate real numbers a, b ∈ R with b − a 2π . Moreover the ω-boundary property implies that b − a = 2π and then the boundary of O is only a point.
Finally we prove the second statement of Main Theorem for compact and connected surfaces. We are not going to do a direct construction of the flow Φ, we instead will use Assume now that the result holds for all surfaces having genus smaller than g. If O is simply connected then we proceed as in the case of genus 0 and we are done. If O is not simply connected then it must include at least a nonnull homotopic Jordan curve γ , not bounding a disk, to which we can apply (i), (ii) or (iii) from Lemma 8. Suppose (proceed similarly with the other possibilities) that γ is orientable, M = N g and M\γ ∼ = N g−2, * * , then fix points x 1 , x 2 ∈ N g−2 and, thanks to the cited lemma, an homeomorphism h : M\γ → N g−2 \{x 1 , x 2 }. Observe that since h is an homeomorphism and O is an ω-boundary open set then h(O\γ ) ∪ {x 1 , x 2 } is also an ω-boundary open set in N g−2 , apply the induction hypothesis to obtain a regular cylinder U ⊂ N g−2 so that Bd(h(O\γ ) ∪ {x 1 , x 2 }) = h(Bd O) = U 1 where U 1 is one of the two components from Bd U . If x 1 and x 2 are not contained in Cl U then U = h −1 (U ) is also a regular cylinder in M so that Bd h −1 (U 1 ) = Bd O is one of the two boundary components from U and we obtain the proof in this case. Finally assume that Cl U contains the points x 1 and x 2 (if it only contains one of them the following argument can be easily adapted) and fix an homeomorphism g : O 2 \{(0, 0)} → U so that Bd g(O 2 \ Cl O 2 (1/2)) intersects Bd U at exactly U 1 . Take now r, 0 < r < 1, big enough to have that O 2 (r) contains {g −1 (x 1 ), g −1 (x 2 )}, then U = g(O 2 \ Cl O 2 (r)) is a regular cylinder which does not contain x 1 nor x 2 and moreover one of the two component from Bd U is equal to U 1 . Now we finish the proof by taking U = h −1 (U ).
